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0. Introduction 

The aim of this note is to collect some more or less classical theorems of Poncelet 
type and to provide them with short modern proofs. Where classical geometers used 
elliptic functions (or angular functions), we use elliptic curves (or degenerate elliptic 
curves decomposing into two rational curves). In this way we unify the geometry 
underlying these Poncelet type statements. 

Our starting point is a space Poncelet theorem for two quadrics in IP 3 (Sect. [I]). 



This seems to have been observed first by Weyr (Tj p. 28, and amplified by Griffiths 
and Harris 0. 

The classical Poncelet theorem (cf. f|), a statement on two conies in the plane 
P2, follows from Weyr's space Poncelet theorem, if one of the quadrics is taken to 
be a cone, see Sect. [I]. 

Gerbaldi f|] gave formulas counting the number of conies in a pencil which are 
in Poncelet position with respect to a fixed conic in the pencil. We show that his 
formulas are simple consequences of the space Poncelet theorem (Sect. H). 

In Sect. [I we evaluate explicitly the space Poncelet condition for two quadrics of 
revolution about the same axis. 

We show that theorems such as Emch's theorem on circular series || and (a 
comp lex-pro jective version of) the 'zig-zag' theorem can be understood by con- 
sidering torsion points on elliptic curves (see Sects. |^ and Further, we prove a 
Poncelet version of the Money-Coutts theorem (Sect. |9]). 
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Although for most of the contents of this paper only the presentation is new, 
it seems worth-while to us to consider Poncelet type theorems from a modern ge- 
ometric point of view. In this spirit the equations of modular curves given in 
have been transformed by N. Hitchin Jf) into solutions of the Painleve-VI-equation. 
And E. Previato relates Poncelet theorems to integrable Hamiltonian systems and 



billiards |L0|. 



Conventions. The base field always is the field (D of complex numbers. 
If we mention circles, quadrics of revolution, or spheres, we mean the correspond- 
ing varieties over (D. 

Acknowledgement. This research was supported by DFG contract Ba 4-23/7-1 
and EG contract SCl-0398-C( A). 



1. Weyr's Poncelet theorem in IP 3 

Let Qi,Q2 C P3 be quadrics of ranks > 3 such that their intersection curve 
E = Qi fl Q 2 is either a smooth elliptic curve or the union of two conies Ci,C 2 
meeting in two distinct points. We fix rulings R\ on Qi and R 2 on Q 2 . 



(1.1) Theorem ([12] p. 28, || p. 13). Suppose that there exists a closed se- 
quence of distinct lines L\, . . . , L 2n , L 2n+ i = L\ such that the line Li belongs to 
Ri resp. R 2 , if % is odd resp. even, and such that consecutive lines Li,L i+ i intersect 
each other. Then there are such closed sequences of length 2n through any point on 
QiDQ 2 . 

Proof. The rulings R±,R 2 define involutions Li,i 2 on E interchanging the two 
intersection points of E with a line in R\ resp. R 2 . Let t : E — > E be the composition 
l 2 l\ and let e := L 2n fl L\. Then L 2 h-i is the unique line in R\ through t k ~ 1 e and 
L 2k is the unique line in R 2 through i\t k ~ x e for k > 1. The closedness L 2n+ i = L t 
implies t n {e) = e. 

First we consider the case that E is smooth elliptic. The involutions L\, i 2 have 
fixed points, so their composition t is a translation on E. But then t n (e) = e and the 
assumption that the lines L 1; . . . , L n are distinct imply that t is of order n, hence 
the assertion. 

Now assume E = C% U C 2 is the union of two conies. The involutions L\ and 
l 2 interchange these conies. So t{Ci) = Ci, i = 1,2 and the two intersections of 
C\ and C 2 are fixed points of t. Therefore t induces two automorphisms ti : (D* = 
Ct \ (Ci n C 2 ) — >Q\ (Ct n C 2 ) ^ (D*. If e lies on C x , say, then t n (e) = e implies 
that t\ is the multiplication by a primitive n-th root of unity, i.e. its order is n. But 
then t 2 is of order n as well, because of t 2 = L 2 ti l L 2 . □ 

Theorem |1.1| also holds for two different rulings Ri and R 2 on the same smooth 
quadric ~ Pi x P 1; if E is a curve on this quadric of bidegree (2, 2), either smooth 
elliptic or the union of two rational curves meeting in two distinct points. 
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The proof is literally the same. 

We say that the pair of rulings (Pi,P 2 ) satisfies the Poncelet-n- condition if the 
automorphism t : E — ► P defined above is of order n. A priori this is a property of 
the ordered pair (Ri,R 2 ). But the automorphism associated to (P 2 ,Pi) is just t~ x , 
thus: 

(1.2) The pair of rulings (Pi,P 2 ) satisfies the Poncelet-n- condition if and only 
if (i?2, Ri) does. 

Already Hurwitz ||, p. 13, observed that Theorem |1 .1| implies the usual Poncelet 
theorem in P 2 . 

In fact, if one of the quadrics, Q\, is smooth and the other one, Q 2 , is a cone with 
its top Po not on E = Q± n Q 2 and E is smooth elliptic, then the three-dimensional 
Poncelet theorem is equivalent to Poncelet 's theorem for two conies in the plane. 
To see this, we denote by 7Tj : Qi — ► P 2 the projections from Po- The morphism 7i"i 
is of degree 2, ramified over a smooth conic C C P 2 . The image of 7r 2 is another 
smooth conic D C P 2 in general position with respect to C. We have: 

(1.3) Proposition. The quadrics Qi and Q 2 are in Poncelet-n-position if and 
only if the conic C is n-inscribed into D. 

We say: C is n-inscribed into D, if there is a polygon consisting of n tangents 
to C with its vertices on D, JT|]. 

Proof. We choose an isomorphism Qi = Pi x Pi such that the ruling Pi is 
parametrized by the first factor. Let A = 7r -1 C C Pi x P x be the ramification 
curve. It is a curve of bidegree (1, 1) on Pi x P x and induces an isomorphism 
between both copies of Pi such that A is the diagonal. We consider the map 

Qi — > P 2 xC* 
(a, b) i — ► (u,T) 

where u := 7Ti(o, b) and T :— 7Ti(o x IPi). So T is the tangent from u to C meeting 
C in the point iri(a, a). The projection tt 1 restricts to a map E — >D of degree 2. 
Over a point u £ D we have points (a,b), (b,a) € P. Now we determine the map 
on the pairs (w, T) induced by t. We start with a smooth point P = (a, 6) on P. 
The line L\ = a x Pi e Pi through P meets P in another point P' = (a, 6'). This 
means that we pass from the pair (u, T) to («', T), where w' := iri(a, b') is the second 
intersection point of T and D. The image point P" := t(P) is the second intersection 
point of the line L 2 e P 2 through P' with P. Thus we have P" = (b',a), because 
points in the same ray of Q 2 lie in the same fibre of the projection ir 2 . Passing from 
the point (a, V) to (&', a) means passing from the pair («', T) to (u', T'), where T' is 
the second tangent to C through the point v! . So we see that the map 



t '■ ( U ,T) i — >(u',T') 



Poncelet theorems 



4 



just describes the Poncelet process for the pair of conies C, D. This implies the 
assertion. □ 



We should point out here, how Theorem [O] relates to the Poncelet theorem in 
space considered by Griffiths and Harris in || on finite polyhedra both inscribed 
and circumscribing two smooth quadrics Q\ and Q^- Such a polyhedron exists if 
and only if both of the pairs R±, R2 and R[, R' 2 satisfy a Poncelet condition in the 
sense above, where Ri, R[ are the rulings on the dual quadrics Q*, i = 1,2. 



2. Poncelet pairs in a pencil 

Let Qx, Q2 be quadrics of rank > 3 such that the pencil X\Qi + X2Q2 generated 
by them is generic. This means that its base locus E = Qi D Q2 is smooth, or 
equivalently that the discriminant d(Ai,A2) = det(X\Qi + X2Q2) of the pencil has 
no multiple roots. The four roots of d(Xi, X2) correspond to the cones in the pencil, 
i.e. to those quadrics carrying only one ruling. Let M — >JPi be the double cover 
of Pi branched over the roots of d(X±, A2). The points of the elliptic curve M can 
be identified with the rulings on the quadrics of the given pencil. Each ruling R in 
M defines an involution Ir '■ E — > E with fixed points. Choosing an origin in E, 
we can write Ir as x 1 — ► —x + a with a unique point a G E, so we obtain a map 

$ : M — ► E 
R 1 — > a . 



(2.1) Proposition. $ is an isomorphism of groups (if the origin of M is chosen 
appropriately) . 

Proof. It suffices to show that $ is injective. So let -Ri,i?2 £ M such that 
$(i?i) = ^(R 2 ), i.e. such that the involutions Ir 1 ,Ir 2 coincide. Let P G E be a 
point which is not fixed under I Rl or Ir 2 . Because of Ir 1 = Ir 2 the lines 

PJr^ eR! 

P,I R2 (P)eR 2 

are equal. Varying the point P in E we conclude R\ = R2- □ 
This gives the following corollary which will be applied in Sect. |]. 

(2.2) Corollary, a) Two rulings -Ri,i?2 in the pencil satisfy the Poncelet-n- 
condition, if and only if the point R2 — R\ G M is a primitive n-torsion point. 

b) For a fixed ruling Ri G M there are T(n) rulings R2 G M such that R\,R2 
satisfy the Poncelet-n- condition. Here T(n) denotes the number of primitive n- 
torsion points on an elliptic curve. 
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This corollary is independent of the choice of origin on M, if one interprets 
i?2 — R\ as the translation on M mapping R\ to i?2- 

In general the Poncelet property depends on the choice of the rulings Ri, R2 on 
Qi, Qi- However if it holds for Ri and R2, then it also holds for the complementary 
rulings R[ on Qi and R' 2 on Q 2 . In fact, R 2 — Ri = —(R 2 — Ri), independently of 
the choice of origin on M. This is even true if one of the quadrics, say Q2 is a cone 
and R' 2 = R2- 

(2.3) Let Qi be smooth and let Q2 be a cone. We denote by R\, R[ the rulings on 
Qi and by R2 the unique ruling on Then R[, R2 satisfy the Poncelet-n- condition 
if and only if R%, R 2 do. 



3. Gerbaldi's formula for the number of inscribed conies 



Gerbaldi @] considered the invariant of two conies C and DCP2 vanishing if C 
is n-inscribed into D. Using elliptic functions and continued fractions he showed: 

(3.1) Theorem (|4|], p. 103). This invariant is of degree \T(n) in C and of 
degree jT(n) in D. 

Here we do not want to make his assertion precise. Instead we prove the following 
two assertions, together equivalent with Theorem |3.1| . Ignorantly of Gerbaldi's paper 
they were shown in [|l[] using a rational elliptic surface. 

(3.2) Theorem. Let AC + fiD, (A : //) G IPi, be a generic pencil of conies in 
IP2- Then the number of conies in the pencil, which are n-inscribed into D is ^T(n). 

Proof. 1) There is a smooth quadric Qi C P3 and a cone Q 2 C IP3 such that 

i) the branch locus of the projection Qi — > JP 2 from the top P of Q 2 is C, 

ii) the image of Q 2 under P -projection is D, and 
hi) the pencil generated by Qi and Q2 is generic. 

In fact, in suitable homogeneous coordinates x, y, t on IP2 and x, y, z, t on IP3 the 
conies C and D are given by equations 

C : x 2 + y 2 + t 2 = 0, D : ax 2 + (3y 2 + -ft 2 = 

with a, j3, 7 G (D. We choose Q2 to be the cone 

Q 2 : ax 2 + (3y 2 + 7 t 2 = 

with top Po = (0 : : 1 : 0) and Qi to be the smooth quadric 

Qi : x 2 + y 2 + z 2 + t 2 = . 

Now conditions i) and ii) are obviously satisfied. For condition iii) note that the 
discriminant of the pencil A1Q1 + X2Q2, 

d(\x, A 2 ) = Ai(Ai + A 2 a)(A! + \ 2 P)(\i + A27) , 
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has no multiple roots, since the pencil AC + fiD is generic by assumption. 

2) Let Q11Q2 C P3 be quadrics with the properties i),ii),iii) above. We claim 
that the branch locus of a smooth quadric Q\ lt \ 2 = X1Q1 + X2Q2 under P -projection 
is a conic in the pencil AC + [iD. It is enough to show that the branch divisors of the 
P -projections Qai,a 2 — ^2 vary in a pencil. Now, a point P e Qx 1 ,x 2 is a branch 
point, if the line PP touches Qai,a 2 in P, i.e. if PqQ\ 1) x 2 P = (in matrix notation). 
So the branch divisor is just the intersection of Q\ lt \ 2 with the polar PqQai,a 2 °f the 
point Po- But 

PoQxiM = Poi^iQi + X2Q2) = AiP Qi 

shows that this polar is the same for all quadrics in the pencil. So the branch divisors 
vary in a pencil on this polar. 



3) If a quadric Q\ lj \ 2 of the pencil is smooth, then according to Proposition L3 
the quadrics Q\ 1 \ 2 and Q2 are in Poncelet-n-position, if and only if the branch locus 
of C/Ai,a 2 is ^-inscribed into D. If Q\ x ,\ 2 is a cone, then Q\ x ,\ 2 and Q 2 are certainly 
not in Poncelet-n-position, because their rulings are halfperiods on the elliptic curve 
M parametrizing the rulings in the pencil. We conclude that the number of conies 
in the pencil AC + uP, which are n- inscribed into D equals the number of quadrics 
Qx 1 ,\ 2 suc h that Qai,a 2 and Q2 are in Poncelet-n-position. But this number is just 
half the number of rulings R G M such that R, R2 satisfy the Poncelet-n-condition. 
Now the assertion of the theorem follows by Corollary |2.2|. □ 



(3.3) Theorem. Let AC + fiD be a general pencil of conies in IP 2 . Then the 
number of conies in this pencil, n-circumscribed about D is ^T{n). 

Proof. A conic AC + fiD is n-circumscribed about D if and only if the dual conic 
(AC + «P)* is n-inscribed into D*. The dual pencil (AC + uP)* is parametrized by 
a smooth conic T in the space IP5 of all conies. 

Denote by H C P5 the hypersurface parametrizing conies n-circumscribed about 



D. By Theorem 3.2 



deg(P) = ^r.P=^T(n). 
This shows that the general pencil AC + jj,D meets H in \T{n) points. □ 



4. A Poncelet theorem on three conies 

As an application of the three-dimensional Poncelet theorem we now prove a 
Poncelet theorem on three conies. 

Let C, Ci,C2 C P2 be three smooth conies in a generic pencil. Let Pi be an 
arbitrary point on C. There are two tangent lines to C\ through P\. We choose one 
of them, T\ say, and define P2 to be its second point of intersection with C. Next, we 
choose a tangent T 2 to C 2 through P 2 . We will now describe, how the data Pi, Pi, T 2 
determine a sequence (Pj)i>i of lines such that for i > 1 the line Tj is tangent to Ci 
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resp. C*2, if i is odd resp. even, and such that the intersection points of consecutive 
lines Ti,T i+ i lie on C. 

To this end, we choose (as in the proof of Theorem |3.2|) smooth quadrics Qi, Q2 



and a cone Q in a generic pencil in IP3 such that, denoting the projection IP3 > 

IP 2 from the top of Q by 7V, 

i) the branch locus of 7rL. : — > IP 2 is Cj, z = 1,2, and 

ii) the image of Q under 7r is C. 

Then we have P\ = 71(e) for some point e on the elliptic curve E = Q\ R (^2- The 
tangent is the image vr(Li) of a line L\ on Qi through e. Let -Ri be the ruling 
on Qi containing L\ and let i\ be the associated involution on E. So P2 = ir(iie) 
and T 2 is the image 7r(L 2 ) of a line L 2 on Q2 through Lie. Let i?2 be the ruling on 
Q2 containing L2 and 12 its associated involution. Now the tangents Tj, % > 3, are 
defined to be the images of the lines Lj, where for k > 2 

L>2k-\ '■= the line in i?x through the point [i2 L i) k le 
L 2 k '■= the line in R 2 through the point ^(^l)*" - ^ . 

The intuition here is that the choice of the tangents T«, i > 3, is compatible with 
the choices made for 7\ and T 2 . 

Now suppose that the tangent sequence (Tj) closes after n steps, i.e. T 2n+ i = T\. 
This occurs if and only if the translation t := is of order n. Since this is 
independent of the starting point Pi, we have: 

(4.1) Theorem. Suppose C, Ci, C2 are smooth conies in a generic pencil in IP2 
admitting a tangent sequence (in the sense above) which closes after n steps. Then 
they admit such sequences starting with any point on C . 

The considerations above show slightly more: The existence of a closed tangent 
sequence is actually a property of the pair C%, C 2 only, so it is not only independent 
of the starting point on C, but even on the choice of C within the pencil generated 
by C\ and C2. 



5. The Poncelet condition for quadrics of revolution 

The aim of this section is to give an explicit formula for the Poncelet-n-condition 
on two quadrics of revolution. 

To begin with, let q, q' be quadrics in P 1; given by equations 

q(z, t) = az 2 + bzt + ct 2 , q'{z, t) = a'z 2 + b'zt + c't 2 . 

The pair (q, q') has three quasi-invariants under the PGL(2, (D)-action: the discrim- 
inants D := b 2 — 4ac, D' := b' 2 — Aa'c' and the jacobian J := Had + a'c) — bb' . We 
have: 

(5.1) If D,D' 7^ ; then up to the PGL(2, (D)-action the pair (q,q f ) is uniquely 
determined by its invariants D, D' and J. 
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Proof. Because of D' ^ we may assume q'(z,t) = zt, i.e. a' — 0, d — and 
b' — 1. Then we have D' = 1 and J = —6. So 6 is determined by J and the product 
ac is determined by D = b 2 — 4ac. For any a G (D the projective transformation 
(z : i) i — >{otz : leaves the invariants D, D', J unchanged. It transforms the 
quadric q into 

2 2 t ^2 
Q OZ + fctf H rt , 

so by a suitable choice of a we can change a to any nonzero value. □ 

In terms of the invariants D, D', J the discriminant d(X, ji) of the pencil Xq + fxq', 
(A : /j) e Pi reads 



Next we consider the quadrics 

Qa,6,c : X 2 + ?/ 2 = GL2 2 + fet + ct 2 , 0,6,CG C 

in P 3 with homogeneous coordinates (x : y : z : t). Such a quadric <5a,6,c is singular 
(a cone), if b 2 = 4ac. The intersection curve of two quadrics Q ai ,buci an d Qa 2 ,b 2 ,c 2 
consists of two circles 

Cj : x 2 + y 2 = a\z 2 + biZjtj + C\t 2 

in the planes zt-,- = tzj, j = 1,2, where [z\ : ii) and (z 2 : £2) are the roots of the 
equation 

(ai - a 2 )-2 2 + (&i - b 2 )zt + (ci - c 2 )t 2 = . 

In case (61 — b 2 ) 2 = 4(ai — a 2 )(c\ — c 2 ) the two circles coincide, i.e. the quadrics 
touch along one circle. Otherwise the circles C\,C 2 meet in the two points (1 : i : 
: 0),(i : 1 : : 0). 

Now we give an explicit formula for the Poncelet-n-condition on two quadrics 
Qai,bi,n an d Qa 2 ,b 2 ,c2- This is best expressed in terms of the invariants of the binary 
quadrics q a% ,b lfil ■= a-iZ 1 + hzt + cfi . 

(5.2) Proposition. Let Q ai ,bi,ci an d Qa 2 ,b 2 ,c 2 be two quadrics as above with re- 
duced intersection curve (two circles) and let Di, D 2 , J\ 2 be the discriminants and 
the jacobian of the associated binary quadrics. Then the following statements are 
equivalent: 

i) QaiM,ci an d Qa 2 ,b 2 ,c 2 ar & in Poncelet-n-position. 

ii) There is an integer k, (k,n) = 1, such that 

( 2nk \ 2 / 2irk\ 2 

Ji 2 (l + cos ) + D 1 + D 2 ) — D X D 2 I 1 — cos 



n \ n 
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Proof. Let C*i, C 2 be the circles of intersection of the two quadrics and let ztj = 
tzj, j = 1,2, be the associated planes. It will be enough to consider the case that 
t\ — t 2 — 1. We may then calculate in affine coordinates x, y, z. 

To begin with, let 

Pi = (jci, zi), P2 = (x 2 , y 2 , z 2 ), P{ = K, y[, z x ) 



be three points such that the line P1P2 lies on Q% and PiP[ lies on Q 2 . Now, P\P 2 
lies on Q\ if and only if the points Pi, P 2 belong to Qi, i.e. 



xij + y J j = CLiZj + biZj + Ci 
and if the point (Pi + P 2 )/2 lies on Qi, i.e. 

xi + + f^+jM 2 = Qi (^) 2 + &1 f^L+^V + ci 



Because of P\,P 2 E Q\ this is equivalent to 



X\X 2 + ym = a x z x z 2 + — [zi + z 2 ) + Ci =: #1 . 



Similarly the line P2-F1 lies on Q2 if and only if 

x[x 2 + y x y 2 = a 2 z x z 2 + — (zi + z 2 ) + c 2 =: g 2 ■ (2) 

Now we come to the Poncelet condition. The automorphisms of order n on C\ \ {(1 : 
z : : 0), (i : 1 : : 0)} = C* are induced by the maps 

where (A;, n) = 1. So the two quadrics are in Poncelet-n-position if and only if 
Pk(xi,yi) = (x'i,yi) for some k with (k,n) = 1. Without loss of generality we may 
assume y\ — 0. Then conditions ([[]), (H) and (§) read 

x[ = xicos^ (4) 

-y[ = xisin^ (5) 

xix 2 = gi (6) 

^i^2 + y[y 2 = g 2 (7) 

Inserting the first three equations into the last one we obtain 

g x cos ^ - x x y 2 sin ^ = g 2 . (8) 



and from the equations @ and (§) we get 

2 1 2 
^2 ~r ^2 



2,2 , f 9icos^ - g 2 \ 2 



xi / y Xi sin ^ 



Poncelet theorems 



10 



Now, upon using the equation of Qi we can replace the left hand side by a\z\ + 
b\Z2 + c\ and we can substitute x\ on the right hand side by a\z\ + b\Z\ + c\. In this 
way we arrive at the equation 

g\ - 2g l92 cos 2 -f + g\ = p sin 2 2 -f (9) 

where p := (a\z\ + b\Z\ + ci)(aiz% + b\z 2 + Ci). Now we can use that z\ and z 2 are 
the roots of the equation {a\ — a 2 )z 2 + (bx — b%)z + {c\ — c 2 ) = to write g%, gi and 
p in terms of the coefficients a\, bi, c%, a%, b2, 0%. This finally allows to express (§) in 
the invariants Di,D 2 , Ju- We omit the details. □ 



6. Circles in the projective plane 

In the previous sections we considered Poncelet properties of conies and quadrics 
related to the three-dimensional Poncelet theorem. Now we turn to the study of 
closing theorems in circle geometry. 

A circle is a conic C C P 2 passing through the two circular points (1 : ±z : 0). 
Its equation is of the form 

a(x 2 + y 2 ) + 2bxz + 2cyz + dz 2 = , 

where (a : b : c : d) G IP3. The discriminant of the circle C is 

/ a b 



det 



a c ] = a(ad — b 2 — c 2 ^ 
\ b c d 



The quadratic form 

q(C) := ad-b 2 - c 2 

is the basic invariant. A circle C with q(C) = consists of two lines each passing 
through a circular point. These are the null-circles. If we have a = 0, then C 
decomposes into two lines, one of which passes through the two circular points. In 
this case we say that C is a line. 

The quadratic invariant q associates with each circle C two basic surfaces in the 
space of circles IP 3: 



is 



The polar plane. The polar plane of a circle C with respect to the quadric q 
q(C, C) = Uad' + da') - (W + cc') . 



(6.1) Proposition (0, p. 32). We have q(C,C) = if and only if the circles 
C,C intersect orthogonally, i.e. if they have a point of intersection P such that the 
tangent vectors of C and C in P are orthogonal with respect to the canonical bilinear 
form on (D 2 . 
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Proof. We may use affine coordinates x, y. The tangent vector of C at the point 
(x,y) is 

/ 9C x / 2ax + 2b \ 



2ay + 2c 



so C and C intersect orthogonally if and only if there is a point (x, y) such that the 
following equations are satisfied. 

a(x 2 + y 2 ) + 2bx + 2cy + d = 
a\x 2 + y 2 ) + 2b' x + 2c'y + d! = 
[2ax + 2b) {2a! x + 2b') + (2ay + 2c) (2a'?/ + 2d) = 

Elimination of x, y from these equations yields q(C, C) = 0, as claimed. □ 

The tangent cone. This is the variety of circles touching a given circle. We 
have: 

(6.2) Proposition (|§, p. 32). a) The circles C touching a given circle C are 
parametrized by the quadric surface 

Q c :q(C)q(C')-q(C,C') 2 = 

in the space of circles. 

b) If C is smooth, then Qc is a cone with top C G IP3. If C is a null-circle, then 
Qc is a double plane. 

Proof, a) The circles C, C touch if there is a point (x,y) such that 

C(x, y) = C'(x, y) = 0dC(x, y) = X ■ dC'{x, y) 

for some A £ (D*. By eliminating x, y and A from these equations we find 

-\a 2 d' 2 + \ada'd' - adb' 2 - add 2 + abb'd' + acc'd' - \d 2 a' 2 + bda'b' + cda'd 
-b 2 a'd' + b 2 c' 2 - 2bcb'd - c 2 a'd' + c 2 b' 2 = , 

which is equivalent to q{C)q{C) — q(C, C') 2 = 0. 

b) An obvious calculation shows that C = (a : b : c : d) is a singular point of 
Qc- Further, we find rankQc = 1 if q{C) = 0. □ 

Now we consider the variety of all circles C, which touch two given (smooth) 
circles C\, C^- This is the intersection curve of the two cones 

Q Cx :q{Ci)q{C)-q{C x ,Cf = 
Qc 2 :q(C 2 )q(C)-q(C 2 ,C) 2 = 0. 
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(6.3) Proposition, a) The intersection of the cones Qc\,Qc 2 consists of two 
conies lying in the planes 

n& a : = V^^MCi, c) ± v^)g(C2, C) . 

T/ie intersection points of the two conies are the null-circles associated to the 
intersection points of C\ and C 2 . 

In the sequel the two conies above will be referred to as the two families of circles 
touching C\ and C 2 . 

Proof, a) The cones Qc x , Qc 2 span the pencil of quadrics 

(Ag(Ci) + m {C 2 ))q{C) - Ag(d, C) 2 - m (C 2 , Cf ,(A:/i)ePi. 

This pencil contains the quadric 

g(C 2 )Q<* - g(^i)Qc 2 = g(C 2 )g(d,C) 2 - g(Ci)g(C 2 , C) 2 , 

which splits in the two planes 11^ C2 . 

b) Let C be a null-circle associated to C\, C 2 . It touches both C\ and C 2 , so 

- q(C u Cf = q(C 2 )q(C) - q(C 2 , Cf = . 

Because of q{C) = this implies q(Ci, C) = q(C 2 , C) = 0, so C lies on both planes 
n cW □ 

We will also need the following degenerate case. 

(6.4) Lemma. If two circles Ci,C 2 touch each other, then the tangent cones 
Qci 1 Qc 2 touch along a line. 

Proof. We may assume that the circles have equations 

Ci : x 2 + y 2 + z 2 = 0C 2 : a(x 2 + y 2 ) + 2bxz + 2cyz + dz 2 = . 

Let P be the pencil of circles touching C\ in its point of contact with C 2 . Thus P is 
just the line joining the vertices p± — (1 : : : 1) and p 2 = (a : b : c : d) of the two 
cones. We calculate the tangent planes of Qci an d Qc 2 i n the points Xipi + X 2 p 2 of 
P: 

Qci (A1P1 + A 2 p 2 ) = X 2 Q Cl P2 = ^f{d-a: -46 : -4c : a - d) 
Qc 2 (AiPi + A 2 p 2 ) = AiQc 2 Pi = 

^(-rf 2 - 26 2 - 2c 2 + ad : 26(a + d) : 2c(a + d) : -a 2 - 26 2 - 2c 2 + ad) 

Now C x , C 2 touch each other, i.e. C 2 G Q Cl , i-e. a 2 + d 2 + 46 2 + 4c 2 - 2ad = 0. This 
shows that the tangent planes coincide along P. □ 

In Sect. |9] we will have to work with the tangent cones of three given circles 
Ci,C 2 ,C 3 . The following property of their mutual intersection will turn out to be 
crucial. 
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(6.5) Lemma. If the signs £12, £13, £23 G {±1} a re chosen such that 612613623 
— 1, then the planes II^ 2 ,? , n^ 3 ^ , n^ 2 3 c /iave a line m common. 



Notice: Changing the sign of a square root yq(Ci) does not influence the condi- 
tion 612613623 = -1. 

Proof. The pencil spanned by n^ 2 C2 and ILj 3 ^ contains the plane 



s °A A - ^7== n a 2 A = e a y/q(C 2 )q(C 3 , C) - 6 12 Jq(C 3 )q(C 2 , C) , 

q(Ci) v?(Ci) 



which equals ng 2 3 C3 , if £i2£i3£23 = — 1- □ 



7. Emch's and Steiner's theorems on circular series 



In this section we consider two classical theorems on circular series. Our aim 
here is to show that one obtains short proofs by considering an elliptic resp. rational 
curve underlying the closing mechanism. 

Let C, Ci, C2 C IP2 be smooth circles in general position and let F be one of the 
two families of circles touching C\ and C2. 

We start with a smooth circle S\ G F and choose one of its points of intersection 
with C, Pi say. The pair (Si, Pi) G F x C determines a second pair as follows. There 
are two circles in F through Pi, namely the points of intersection of F with the plane 
Ilp 1 in the space of circles consisting of all circles through P\. Let FnHp 1 = {Si, S2}. 
The second circle S2 in turn intersects C in Pi and in a second point P2. We set 
t(Si,P) := (S 2 ,P 2 ). 

(7.1) Theorem (Emch 0). Suppose t n (Si,Pi) = (Si, Pi) holds for some pair 
(Si, Pi) such that Pi G C . Then this holds for any such pair. 

Proof. Consider the incidence curve 

E ■= {(S,P) eFxC\PeS} 

Denoting by tti, 7r 2 the projections onto F resp. C, we have for S G F 

wZ\S) = snc = Q + Q' + P + P' , 

where Q, Q' are the infinitely far points on C and P, P' G C. For P G C we have 
7ri7r 2 _1 (P) = F H lip, where LTp is the plane in the space of circles consisting of the 
circles through P. Thus the curve V is of bidegree (4, 2) and it decomposes as 

V = Fx {Q} + Fx {Q'} + E , 

where E is a curve of bidegree (2,2). The branch points of the restriction 7Ti| E 
are the circles S G F touching C. Since C,Ci,C 2 are in general position, there are 
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exactly four of them. So E is smooth elliptic by Lemma [773 below. The map t is just 



the composition of the covering involutions of 7ti\ E 
on E. The assumption implies that it is of order n. 



and 7T2 1^7, so it is a translation 

□ 



(7.2) Lemma. Let E C Pi x Pi a curve of bidegree (2,2). Assume that the 
projections tti, tc 2 : i£ — > P 2 are finite and that one of them has at least four branch 
points. Then E is smooth. 

Proof. Suppose to the contrary that E is singular. First assume that E is 
reducible. Since the projections are finite, E is then a sum of two curves Ex,E 2 
of bidegree (1,1). By the adjunction formula E\ = E 2 = Pi. But then tti and 
7r 2 have only two branch points, namely the intersection points of E\ and E 2 , a 
contradiction. 

If E is irreducible, then it has exactly one singularity and the normalization E is 
a smooth rational curve. But then by the Hurwitz formula the map E — > E — > Pi 
has only two branch points, a contradiction again. □ 

Next we turn to Steiner's theorem. In contrast to the situation of Emch's theorem 
here the relevant curve for the closing process is rational. 

Let Ci,C 2 C P 2 be smooth circles in general position and let F be a family of 
circles touching C\ and C 2 . 

(7.3) Theorem (Steiner). Suppose that there is a closed sequence of distinct 
circles Si, S 2 , . . . , S n , S n+ i = Si in F such that Si touches Sj + i for 1 < i < n. Then 
there are such sequences starting with any circle in F . 

Steiner's theorem is a consequence of the following 

(7.4) Proposition, a) V := {(Si, S 2 ) G FxF \ Si G Qs 2 } ^ s a curve of bidegree 
(4,4) and 

V = 2 ■ A + Vi + r*Vi , 

where A C F x F is the diagonal, Vx is a curve of bidegree (1,1) and r : Pi x 
P x — ►P 1 xP 1 ,(S 1 ,S 2 ).— ►(S 2 ,S'i). 

b) We have Vi \ A = r*Vx \ A = C*. Let 

t : Vx \ A — ► Vx \ A 

be defined byt(Sx,S 2 ) := (S 2 ,S 3 ), where tt^ 1 ^) = 2(S 2 , S 2 ) + (Sx,S 2 ) + (S 3 ,S 2 ). 
Then t is the multiplication by a nonzero constant. 

Proof. We may consider V as a subvariety of P3 x P 3 , namely as the intersection 
of the varieties F x P 3 , P 3 x F and the hypersurface { (Si , S 2 ) | Si G Qs 2 } of bidegree 
(2, 2). Denoting by tti,tt 2 : V — > F the projections, we have for Si G F 

^vrf^Si) = Q Sl n Qcx\n(F) ' 
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where 11(F) C IP 3 is the plane containing F. According to Lemma |6]4] the cones 
Qsn Qd touch along a line, hence the restriction to F of their intersection is of the 
form 

Qsi H Qci\u(F) = 2^1 + S 2 + S' 2 , 

where 5*2, S 2 G F- Therefore V contains the diagonal A as a component of multi- 
plicity two, the residual curve V being of bidegree (2, 2). 

Now let So be one of the null-circles associated to C\ and C 2 , i.e. So consists of 
the two lines joining an intersection point P of Ci,C 2 with the infinitely far circle 
points. The quadric Qs is then of rank 1, i.e. a double plane. It consists of the 
circles through P. The set 7r 2 7rf 1 (5'o) contains the circles through P touching C\ and 
C2, so n^ 1 (So) = {(So, So)}- We conclude that the two null-circles are branch points 
of both projections 7x1,1x2- Because of p a (V) = 1 this implies that V is reducible. It 
consists of two curves V\, V% of bidegree (1, 1) meeting in the points (So, S ), (S' Q , S' ), 
where S , S' are the two null-circles associated to C\ and C 2 . Because of r*V = V, 
we have V% — t*V\. □ 



8. The zig-zag theorem 

In this section we give a proof of (a comp lex-pro jective version of) the zig-zag 
theorem || based on the consideration of an elliptic curve in the product of two 
circles. 

For a point P = (x : Ho '■ z : t ) in IP 3 and a complex number r the quadric 
Sp , r ■ (xt - tx ) 2 + (yto - tyof + (zt - tzof = rHHl 

is called the sphere with center Pq and radius r. Its intersection with the infinitely 
far plane t = is the conic x 2 + y 2 + z 2 = 0. A circle in IP3 is a conic whose infinitely 
far points lie on this conic. 

Now let C\, C 2 C IP3 be smooth circles and let a radius r e (D be fixed. A zig-zag 
for C\, C2 is a sequence of points Pi, P 2 , • • • such that for i > 1 the point Pj lies on 
Ci resp. C 2 , if z is odd resp. even, and such that Pi + i G Sp ur . Consecutive points 
Pi,Pi + i in a zig-zag are thought of as having constant "distance" r. The zig-zag is 
said to close after n steps, if P 2n+ i = Pi. 

(8.1) Theorem (cf. 0). Let Ci,C 2 C P3 be a general pair of circles and let 
r G C // i/ie pazr Ci, C 2 admits a zig-zag of distance r which closes after n steps, 
then it admits such zig-zags starting with any point on G\ . 

Proof. 1) We consider the curve 

V := {(Pi, P 2 ) G C x X C 2 I P 2 G 5 Pl , r } . 

It is the restriction of the hypersurface {P 2 G Sp^r} C P3 x P 3 of bidegree (2,2), 
so it is of bidegree (4,4) in C\ x C 2 . We denote by 7Tj : V — >Cj, i = 1,2, the 
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projections and by Qi, Q[ resp. Q 2 , Q 2 the infinitely far points on C\ resp. C 2 - For 
a point P\ £ Ci, different from Qi and we have 

Tr^r^Pi) = 5 Plir nC 2 = Q 2 + Q' 2 + P 2 + P 2 ', 

where P2,P 2 £ C*2- Therefore contains the lines 

Ci x {Q 2 }, d x {Q' 2 } 

and by the same reasoning also the lines 

{Qi} x C 2 , {Q[} x C 2 . 

The residual curve E is of bidegree (2, 2). 

2) Next we determine the branch points of the projection it\\ E : E — ► C\ to show 
that E is smooth elliptic. Let us first consider the branch points of 71*1 : V — >C\. 
These are the points Pi £ C\ such that the sphere Sp ur touches C 2 . We may assume 
C 2 to lie in the plane z = having equation x 2 + y 2 + t 2 = 0, so Sp 1>r intersects 
the plane of C 2 in the circle S := Sp 1>r (x, y, 0, £). The sphere Sp 1)T touches C 2 if and 
only if S lies on the tangent cone of C 2 . Evaluating this condition by means of fl6.2|) 
we find 

If 2 1 2 1 2 2j.2\2 1 lj.2/ 2 1 2 1 2 2j.2\ 2j.2 2,2 lj.4 n /in\ 

— 4(^1 + 2/i + ^1 — r h) + 2*1 (^l + 2/i + 2 i - r *i) - s i*i - 2/1*1 - 4*1 = • ( 10 ) 
So the branch points of tt\ are just the intersection points of the circle C\ and the 



quartic surface Y C P3 defined by (10). One may think of Y as the set of all points 
having "distance" r from C 2 . Since Y intersects the plane t\ — in the double 
conic {x\ + y\ + z\) 2 = 0, the points Qi,Q[ are both contained in Y n C\ with 
multiplicity two. The four remaining points of intersection are the branch points of 
7Ti\ E : E — >C\. For general C\ these points are distinct, so E is in fact smooth 
elliptic. 

3) Having identified the underlying elliptic curve, the proof now ends in the usual 
way: We denote by l±, l 2 the covering involutions of tti\ e resp. tt 2 \ e and by t := i 2 i\ 
the associated translation on E. The assumption that there is a zig-zag which closes 
after n steps implies that t is of order n. This proves the theorem. □ 



9. The Money-Coutts theorem 

Let Ci, C 2 , C3 C P2 be smooth circles in general position. For each of the pairs 
C\, C 2 and C 2 , C 3 we choose one of the two families of circles touching both circles, 
say Fi,F 2 respectively. We are interested in the pairs of circles S\ £ F 1 ,S 2 £ F 2 
such that Si touches S 2 . To begin with, we show: 

(9.1) Proposition. The curve 

V:={(S 1 ,S 2 )eF 1 xF 2 \S 1 eQ S2 } 



is of bidegree (4, 4) and we have V = 2 A + E, where A C Fx x F 2 is a curve of 
bidegree (1, 1) and E is a smooth elliptic curve. 
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Proof. We may consider V as the subvariety 

(Fx x P3) n (p 3 x f 2 ) n {(s 1: s 2 ) I s, g g 5 j 

of P 3 x P 3 . So for Si G Fi we have 

TT 2 TT^ 1 (Si) = Q Sl n Qc 2 \u(F 2 ) > 

where II (.F 2 ) C P3 is the plane containing F 2 and 7T, : V — > Fi, i = 1,2, are 
the projections. By Lemma |T4] the cones Qs l ,Qc 1 touch along a line, so their 
intersection restricts to II (F 2 ) as 

Qsi H Qc 2 ln(F 2 ) = + ^2 + S 2 , 

where S{ G F 2 lies on the line of contact and S 2 , S 2 G F 2 lie on the residual conic. 
This shows that any line {Si} x F 2 C Fi x F 2 touches V, hence V must contain a 
curve A of bidegree (1, 1) as a component of multiplicity two. Next we consider the 
residual curve E, which is of bidegree (2,2) and we determine the branch points of 
the projection iri\ E : E — > F\. 

• First let Si be one of the two null-circles associated to Ci and C 2 . In this case 
the tangent quadric Qs 1 is a double plane. Therefore 7r 2 7rf 1 (S'i) = Qs L H Qc 2 \n(F2) 
consists of two points only, so Si is a branch point of tti\ e . 

• Next let Si be an Apollonius circle of C\, C 2 , C3, i.e. a circle touching all three 
of them. Further suppose that Si lies on F\, but not on F 2 . Since the tangent cones 
Qci,Qc 2 iQc 3 are m general position, there are exactly two such circles. Since Si 
touches both C 2 and C 3 , we have 

Qsi H Qc 2 = 2L 2 + D 2 
Qs 1 n Qc 3 = 2L 3 + D 3 , 

where L2, L3 C IP3 are lines and -D2, -D3 C P 3 are conies. Thus set-theoretically 

Q Sl n Qc 2 n Qc 3 = L 2 n L 3 + D 2 n £3 + £2 n D 3 + L 3 n D 2 

consists of five points at most. We claim that Si is a branch point of ffi\ E . To this 
end we show that only two of these points belong to F 2 . We use the notation and 
the statement of Lemma |6.5| : The conies D 2 and D 3 lie in planes n^ 2 ^ resp. U.^ c , 
where £i 2 ,£i3 G {±1}, so D 2 fl D 3 C ngP^ for £ 2 3 := -^12^13- Then L 2 ,L 3 lie in 
Tlg^§ 2 resp. 11^^ , so L 2 fl L 3 C n^ 2 3 jC . 3 as well. Since Si = L 2 H L 3 does not belong 
to F 2 by assumption, we find 

Qs 1 ^Qc 2 \ U (f 2 ) = L 2 nD 3 + L 3 nD 2 

Qs 1 n Qc 3 In(^) = L 2 n L 3 + D 2 n D 3 , 

where F 2 is the second family of circles touching Ci and C 2 . This shows that 
7r 2 7rf x (Si) consists of the two points L 2 fl D 3 , L 3 fl D 2 . 
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Applying Lemma [O we conclude that E is a smooth elliptic curve. □ 



As before, let F 1; F 2 be families of circles touching C\, C 2 resp. C 2 , C 3 , and sup- 
pose F 3 is a family of circles touching C 3 and C\. By Proposition p.l| we have three 
elliptic curves 

E 1 C Fx x F 2 
E 2 C -F2 x F3 
E 3 C F 3 x F . 

Let 7Ti,7r( resp. vr 2 ,7T2 resp. 7r 3 ,7r 3 denote the projections onto the factors. 
The next point we want to make is: 

(9.2) Lemma. Given F\ and F 2 , the family F 3 can be chosen in such a way 
that the projections tt' 1 ,7t 2 as well as tt' 2 ,tt 3 and vr 3 ,7Ti have the same branch points 
in F 2 resp. F 3 resp. Fx. 



Proof. According to Lemma |6.5| the family F 3 can be chosen such that the planes 
n(F 1 ), U(F 2 ), H(F 3 ) have a line in common. The branch points of 7r[ are the two 
null-circles of the pair C\,C 2 and the two Apollonius circles in F 2 , which do not 
belong to F\. Because of our choice of F 3 these Apollonius circles do not belong to 
F 3 either. This shows that the branch points of 7c[ coincide with those of tt 2 . The 
statement on the pairs ir' 2 , tc 3 and 7r 3 , 7Ti follows in the same way. □ 

Now suppose that families Fi,F 2 ,F 3 have been chosen as above. The Money- 
Coutts theorem on the circles Ci, C 2 , C 3 can then be stated as follows. 

(9.3) Theorem (Tyrrel- Powell Suppose that circles Si G F\, S 2 G F 2 , 

S 3 G F 3 and S4 G F\ are chosen such that (Si, S 2 ) G E x , (S 2 , S 3 ) G E 2 and (S 3 , S4) G 
E 3 . Then it is possible to choose circles S 5 G F 2 , S e G F 3 and Sj G Fi in such a way 
that again (S4, S$) G Ex, (S$, Sq) G E 2 and (Sq, S-?) G E 3 and such that S7 coincides 
with S\. 



Proof. According to Lemma |9T2| the projections 7r^, it 2 resp. n' 2 , n 3 resp. 7r 3 , m have 
the same branch points, hence there are isomorphisms ipi : Ex — > E 2 , (p 2 : E 2 — > E 3 
and ip 3 : E 3 — > E\ such that tc 2 o (pi = , -n 3 o ip 2 = tt 2 and 7iiO(p 3 = tc' 3 . We identify 
E\ = E 2 = E 3 =: E and 7r^ = tt 2 , tt' 2 = ir 3 by means of <p\ and (p 2 - I n this way ^3 
is identified with an automorphism t of E such that tti o t = ir' 3 . Since the elliptic 
curve E is determined by the intersection points of Ci, C 2 and two Apollonius circles 
of Ci,C 2 ,C 3 , for general Ci,C 2 ,C 3 the curve E is general as well. Therefore the 
automorphism t is either a translation or an involution. By a suitable choice of tpi 
and if 2 we can achieve that t is actually a translation. We denote by li,l 2 ,l 3 the 
covering involutions of 7Ti, 7T 2 , ^3 on E. 

We have Si = 7Ti(e) for some e G E. Then S 2 G 7r^7rf 1 (Si), which means 
S 2 = 7i[(aie) where a x G {1, ii}. In the same way we proceed with S3 and S4 to get 

S4 = ir' 3 (a 3 a 2 aie) = iri(ta 3 a 2 aie) , 



Poncelet theorems 



19 



where oti G {1, ii} for 1 < i < 3. Now we determine the circles S$, Sq, S-? such that 
(S 4 , S 5 ), {S 5 , S 6 ), (S 6 , S 7 ) G E. We find 

S 7 = ir' 3 (/3 3 (32(3 1 ta 3 a 2 a 1 e) = ■K 1 (t/3 3 /3 2 /3 1 ta 3 a 2 a 1 e) , 

where $ G {1, ^} for 1 < i < 3. Now we make our choice for S 5 , Sq, SV resp. for 
Pi, fa, P3 in the following way. We let p 2 '■— a 2 , P3 '■— a 3 and we choose Pi such that 
the number of subscripts i, 1 < i < 3, such that Pi = i{ is odd. With these choices 
we obtain 

tPsP 2 Pita 3 a 2 aie = PsP 2 Pia 3 a 2 aie = (a 3 a 2 Pi) 2 Piotie . 

Since the composition of an odd number of involutions is again an involution, the 
latter expression equals Pi^it, so S 7 = ^(/^a^e) = 7Ti(e) = Si. □ 

Finally, we aim at a Poncelet-type statement in the situation of the Money- 
Coutts theorem. So suppose that Ci,C 2 , C 3 are three circles as above and let families 
Fi, F 2 , F 3 be chosen as before. As in the proof of the Money-Coutts theorem the 
elliptic curve defining the contact relation between circles of two families will be 
denoted by E. 

Let (Si)i>i be a sequence of circles such that (Si, S i+ i) G E for i > 1 and 

S 3k+ i eFi for k > and 1 < I < 3 . 

If it were to happen that S 3n+ i = Si for some integer n > 1, then the sequence is 
said to close after n steps. 

(9.4) Theorem. Suppose there are more than 2 3n+2 sequences (Si)i>i closing 
after n steps. Then there are infinitely many sequences closing after n steps, starting 
with any given circle S[ G F^. 

Proof. Let Si = 7Ti(e), e G E. The circles Si, i > 2, are determined by repeatedly 
choosing automorphisms in {1, ii, i 2 , i 3 }. So for k > 1 we have 

S 3k+ i = in (^[ta^a^a?^ 

S 3k+2 = ^(a^flta^a^a^ 

S 3k+3 = ^(a^a^ntaf^ ^ ) , 

where t : E — > E is a translation and G { 1 , tj } for 1 < j < 3 and i > 1 . By 
assumption the sequence (S^) closes after n steps, i.e. S3 n+ i = Si, i.e. 7Ti(7e) = ni(e), 
where 7 is the automorphism IlT=i ta^a^ctf 1 . The map 7 is an involution or a 
translation on E 1 , so replacing e by iie we may assume that 7 is an involution. We 
have 7(e) = e or 7(e) = ti(e). In the first case e is one of the four fixed points of 7. 
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Since there are 2 3ra choices for the automorphisms a), 1 < j ' < 3, 1 < i < n, this 
case occurs for at most 2 3n+2 sequences. In the second case we conclude 7 = ii, so 
if we are given any circle S[ G iq, S[ = 7r(e'), then we define a sequence (SQ^i by 
means of the automorphisms and find 

S 3n +i = 7Ti(7(e')) = 7Ti(ti(e')) = 7Ti(e') = Si . 

□ 
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